The limit of an integral

1042. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania.

Let f : [0, 1] — (0, co) be a continuous function. Calculate

1
lim "/ (1 4+ xm" f(x)dx.
0
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Solution by Arkady Alt, San Jose, CA.
Since f is continuous on [0, 1], it reaches its maximum and minimum values,

m= mm f(x) and M = m[ax f(x),

x€[0,

where m > 0 since f ([0, 1]) C (0, o). Hence
1 1 1
m/ (14+x""dx < f 14+x")"f(x)dx < Mf (1+x""dx.
0 0 0

Also note that for any x € [0, 1], (1 +x")" < 2" and 1 4+ x" > 2x"/2, so that 2?2 <
(1 4+ x™". Thus,

1 1 1
m-Z”f x”z/zdxfmf (1+x”)”dx§f (14 x™)" £ (x) dx
0 0 0
1
§M/ (1+x"H'dx <M 2",
0

We have fol x"2dx = =2, lim ¥/M = lim ¥/m = 1, and, by L'Hopital’s rule,
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ne+27 00 n—00

lim
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5 = 1. By the squeeze theorem,

hm / (1T 4+xM"f(x)dx = 2.

Also solved by ROBERT A. AGNEW, Buffalo Grove, IL and Palm Coast, FL; BYEONGKEUN AHN, Sejong
Science High S. Seoul, Korea; MICHEL BATAILLE, Rouen, France; HONGWEI CHEN, Christopher Newport U.;
BILL COWIESON, Fullerton C.; BRUCE E. DAVIS, St. Louis C.C. Florissant Valley; JAMES DUEMMEL, Belling-
ham, WA; DMITRY FLEISCHMAN, Santa Monica, CA; DANIEL FRITZE, Berlin, Germany; EUGENE HERMAN,
Grinnell C.; ELIAS LAMPAKIS, Kiparissia, Greece; KEE-WAI LAU, Hong Kong, China; CHEUK HANG LEE,
Massachusetts Inst. Tech.; LUKE F. MANNION, St. John’s U.; Luis MORENO, SUNY Broome C.C.; NORTH-
WESTERN U. MATH PROBLEM SOLVING GROUP; MOUBINOOL OMARIEE, Lycée Henri 1V, Paris, France;
PAOLO PERFETTI, Dipt. Mata., U. Roma Tor Vergata, Italy; ANGEL PLAZA, University of Las Palmas de Gran
Canaria, Spain; MOHAMMAD RIAZA-KERMANI, Fort Hays State U.; STEPHEN SCHEINBERG, Corona del Mar,
CA; JOEL SCHLOSBERG, Bayside, NY; HAOHAO WANG AND JERZY WOJDYLO (JOINTLY), Southeast Missouri
State U.; and the proposer. One incorrect solution was received.

VOL. 47, NO. 1, JANUARY 2016 THE COLLEGE MATHEMATICS JOURNAL 63



